Abstract -Razor blade testing schemes have been proposed in the past for both the EFIE and MFIE. The regularity of these testing functions is, strictly speaking, not sufficient for the discretization to be conforming. However, as will be shown in the contribution, it does yield physical solution currents at low frequencies. This is similar to the low-frequency behavior of the mixed discretization of the MFIE. Nevertheless, in this testing scheme, there is no refined mesh, the impedance integrals are triple integrals instead of quadruple integrals and, in addition, the testing functions are constant instead of linear on their support.
Introduction
For a long time, the widespread use of the magnetic field integral equation (MFIE) has been hindered by its apparently inferior accuracy [1] . However, in recent years, it has been shown that this accuracy problem has more to do with the testing scheme that is predominantly used than with the properties of the MFIE itself. Indeed, it was shown that a mixed discretization scheme, in which the MFIE is tested using rotated Buffa-Christiansen (BC, [2] ) or Chen-Wilton (CW, [3] ) functions, delivers a much better accuracy [4, 5] than the standard discretization scheme. In addition, the mixed discretization yields physical solutions at low frequencies [6, 7] , which is in stark contrast to the standard scheme. A drawback of the mixed scheme is the need for a barycentrically refined mesh, which increases the number of triangle-triangle interactions that needs to be evaluated for each impedance matrix element. In this contribution, an alternative testing scheme, which was explained for example in [8] , is shown to yield physical solution currents at low frequencies (LF) as well.
The effectiveness of the testing scheme is related to the fact that the Rao-Wilton-Glisson (RWG, [9] 
div
. If the boundary is smooth, it makes sense that some of this regularity can be be used to ease the regularity requirements of the testing function. The razor blade testing finite element space is not sufficiently regular to be in H − 1 2 div , but nevertheless retains many of the desirable characteristics of the BCs or CWs. For example, the number of loops in the finite element space is equal to the number present in the BC or CW spaces.
Razor Blade Testing Scheme
We first define a current distribution on the line between the points r 1 and r 2 :
For all other points, the current is zero. As such, the function represents an infinitely thin wire carrying a unit current between the points r 1 and r 2 . It is clear that for every edge on the mesh, such wire current can be constructed by using the begin and end points of the edge as r 1 and r 2 . These current distributions will be called I n , ∀n ∈ [1, E] , with E the number of edges. The current I can also be written in a distributional form in R 3 . For example, when r 1 = [0, 0, 0] and r 2 = [1, 0, 0], the following distribution is found:
Let us now move on to the exterior MFIE (the interior MFIE can be handled in the same fashion), which is given bŷ
Here, the limit of the observation point r to the boundary Γ is taken from the inside of the scatterer towards the surface.n is the outward-pointing normal unit vector. The current j(r) will be expanded in RWGs
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Here, the Δ ± are the two triangles (with surface area A ± ) on which the RWG is defined. The razor blade testing scheme now amounts to testing equation (3) withn×I n . It should be noted that the surface normal appearing in this formula is not well-defined because the support of I n is exactly on the edge. Indeed, the normal of either triangle can be used, yielding a differently oriented testing function. This ambiguity can be resolved, however, by canceling the cross product with the one appearing in the MFIE. When this is done, the magnetic field itself is tested with the wire currents I n , which is well-defined. Finally, this yields the matrix equation
with
and
It is worthwhile to point out that the integral appearing in (7) is three-dimensional, not four dimensional, which is nice from a computational point of view.
Impedance Integrals
While several historical implementations of the razor blade testing scheme for the MFIE have been using point matching, i.e. a one-point integration rule for the testing, this is not a suitable technique for obtaining the low-frequency behavior analyzed in this work. Instead, the full three dimensional integration must be carried out. This integration is not particularly demanding from a computational perspective, however, because the hardest integral, i.e. the self-patch, can be computed analytically. Indeed, following from results in [8] ,
• If a wire current is located on one of the four outer edges of an RWG support, then the associated impedance integral only contains a contribution from the triangle that is not coplanar to the wire. Indeed, the triangle that shares an edge with the wire current is coplanar and, in addition, there is no normal component of the current. Hence, this contribution is zero.
• The self-patch, i.e. the impedance integral between a wire current and the RWG defined on the two adjacent triangles, can be evaluated analytically as
Here, Ω n is the angle between the two triangles, measured through the interior of the scatterer. A graphical representation of this angle is shown in Figure 1 .
Summarizing, the diagonal elements of the impedance matrix can be computed analytically, even for the dynamic Green's function. Finally, it is also worthwhile to point out that, using the analytical techniques presented in [10] , it is possible to reduce the dimensionality of the remaining impedance integrals to two. 
Low-Frequency Stability
The low-frequency stability of the razor blade testing scheme will now be investigated. In the light of [6] , for a simply connected scatterer, it is necessary and sufficient to prove that the razor blade finite element space contains V − 1 stars and F − 1 loops. Here, V and F are the number of vertices and faces in the mesh respectively. To check this, it is necessary to count the number of degrees of freedom in the charge space associated with the razor blade testing functions. As is easily seen, the divergence of a razor blade is zero everywhere, except for two Dirac delta distributions (with opposite sign) at the two vertices that are connected by the razor blade. Using charge neutrality, this allows us to conclude that there are V − 1 linearly independent charges. As a consequence, there are F − 1 loops, hence the requirement for low-frequency stability is met for simply connected structures. In the same spirit as [7] , it can also be concluded that this testing scheme for the MFIE on non-simply connected scatterers will lead to an exact null-space in the DC limit, which is physical because it is also found in the continuous MFIE [11] .
Numerical Results
The razor blade testing method has been implemented in C++. It is clear that the implementation of this testing scheme is significantly less complex than the one with BC or CW functions due to the absence of the barycentrically refined mesh. In addition, the impedance integrals are triple integrals, as opposed to the usual quadruple integrals. Finally, the test functions are constant on their support, as opposed to linear for the BC or CW functions.
To test the low-frequency behavior for the simply connected case, a spherical scatterer with radius 1m was illuminated by a y-polarized plane wave propagating in the x direction. The wave number was varied between 10 −5 m −1 and 1m −1 . The L 2 norm of the loop-loop block of the impedance matrix P (see block P ll in equation (9) from [6] ) was computed for each wave number, as well as the L 2 norm of the nonsolenoidal part of the solution current. Both results are plotted as a function of the wave number in Figure 2 and behave as expected, i.e. the loop-loop block of the impedance matrix is proportional to ω 2 and the nonsolenoidal part of the solution current is proportional to ω. This is physical at low frequencies because the charge density associated with this nonsolenoidal part is constant (as a function of ω) in this case, which is consistent with the plane wave incoming field.
To test the existence of a null-space at DC for the non-simply connected case, a similar wave number sweep was made for a toroidal scatterer, discretized using 459 RWGs and displayed in figure 5 . For each wave number, the smallest singular value was plotted in Figure 3 . Again, the result is as expected from [7] .
Conclusion
The razor blade testing scheme for the MFIE was analyzed in the context of low-frequency scattering. The razor blade testing does not require a barycentrically refined mesh but retains the desirable low- frequency characteristics of the mixed discretization scheme based on BC or CW functions. An additional computational advantage is that the selfpatch can be computed analytically without effort. In addition, the simple form of the testing functions allows for an easy implementation of the other impedance integrals. Numerical results have shown that the theoretically expected low-frequency behavior is realized in practice.
